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We report a lattice-dynamics study of relative stability of various phases of natural silicates MSiO, (M
=Zr, Hf, Th, and U) as a function of pressure (P) and temperature (7), which is important in the context of
their use in nuclear waste storage media. Extending our previous work on ZrSiOy,, the Gibbs free energy has
been calculated using a transferable interatomic potential in various phases over a range of P and 7. Due to an
interesting interplay between the vibrational entropy and atomic packing, the zircon (body-centered tetragonal,
I4,/amd), scheelite (body-centered tetragonal, I4,/a), and huttonite (monoclinic, P2,/n) phases occur at
different P and 7. It is shown that, for ThSiO, at high P, the huttonite and scheelite phases are favored at high
and low 7, respectively. However, for both USiO, and HfSiO, the huttonite phase is dynamically unstable and
the scheelite phase is stable as the high pressure phase. In fact, the calculations reveal that the stability of the
huttonite phase is determined by the ionic size of the M atom; this phase is unstable for the silicate with the
smaller Hf and U ions, and stable with the larger Th ion. The calculated phase diagrams are in fair agreement
with the reported experimental observations. The calculated structures, phonon spectra, and various thermo-
dynamic properties also fairly well reproduce the available experimental data. The low-energy phonons in the
huttonite phase that contribute to its large vibrational entropy are found to involve librational motion of the

silicate tetrahedral units.
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I. INTRODUCTION

ZrSiOy4, HfSi04, ThSiO4 and USiO,4 form the orthosilicate
group of isomorphic crystals. These crystals have the zircon
structure (Fig. 1) with the space-group I4,/amd (Dj)) and
four formula units in the tetragonal unit cell. The structure is
common to a variety of optical materials, including rare-
earth orthophosphates (RPO,, R=rare earth atom), vanadates
(RVO,), and arsenates (RAsO,). High melting temperature,
chemical stability, and long term corrosion resistance has
prompted the use of these compounds in nuclear waste stor-
age media.! These compounds in general have good optical
quality, high hardness, and large refractive index. In addition
to this, hafnon is a candidate for replacing SiO, as a gate in
the complementary metal-oxide semiconductor devices. Zir-
conium, hafnium, thorium, and uranium are localized in the
earth’s crust during the later stages of magmatic activity, and
crystallize primarily as orthosilicates or oxides. Thorite ex-
ists in the monoclinic form in nature as found by Hutton
from the sands of Gillespie’s beach and named as huttonite.
Coffinite is found in nature with some (OH) substituting the
(Si0,) group. Coffinite (USiO4), which is isostructural to
zircon, is one of the mineral phases determining uranium
solubility in accidental corrosion of nuclear fuel by geologi-
cal ground water.

The study of orthosilicates, zircon (ZrSiO4), hafnon
(HfSiO,), and thorite (ThSiO,) are of particularly impor-
tance since these compounds are effective radiation resistant
materials suitable for fission reactor applications and for stor-
age of nuclear waste.” The waste has to be stored under a
certain temperature and pressure so as to avoid decomposi-
tion of compound. At higher temperatures these silicates
decompose®* into their constituent oxides and radioactive
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waste may distribute itself among the component oxides. In
order to study the behavior under the natural condition of
temperature and pressure, we have undertaken a theoretical
study based on a potential model developed for zircon vali-
dated using extensive measurements of the phonon-
dispersion relation and density of states.>® The model is fur-
ther extended to study the thermodynamic properties of the
remaining orthosilicates of the type MSiO, (M =Hf, Th, and
U). The thermodynamic properties of the above mentioned
orthosilicate compounds are not very well studied yet. There-
fore, the study of macroscopic thermodynamic properties
through the study of microscopic phonon behavior in the
bulk of the compound will help in understanding the behav-
ior of these compounds under natural radiation and tempera-
ture pressure conditions prevalent under the earth’s crust. In
the present study since Zr and Hf is expected to have similar
properties due to chemical homology, their corresponding

Scheelite Huttonite

Zircon

FIG. 1. (Color online) Ball and stick representation of the zircon
(space-group 14,/amd), scheelite (I4,/a), and huttonite (P2,/n)
phases of MSiO, (M=Hf,Th,U). SiO, tetrahedra are also shown.
The solid circles denote M, Si, and O atoms in decreasing order of
size.
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silicates form a group. Similarly, Th and U silicates are put
into another group considering the chemical homology be-
tween them. The task for prediction of high pressure phase
for USiO, is simplified and achieved due to the above con-
sideration.

Light scattering studies have been reported to measure
zone center phonon modes in zircon phase of ZrSiOy,
HfSiO,, and ThSiO,.>"'* Density-functional calculations
have been carried out’ to investigate the structure vibra-
tional phonon modes and dielectric properties of zirconium
and hafnium silicates in the zircon phase at zero pressure.
ZrSiO, and HfSiO, are known to transform'®!” to the
scheelite phase (body-centered tetragonal, 14,/a) (Fig. 1) at
high pressure and temperature. Scheelite phase of ZrSiO,4
and HfSiO, is known as one of the most incompressible
compounds containing SiO, tetrahedra. At high pressure and
temperature'8 zircon phase of ThSiO, transforms into hutto-
nite phase (monoclinic, P2,/n) (Fig. 1). Zircon to huttonite
transition is unusual since a less dense phase usually occurs
at high temperature. To our knowledge there are no high
pressure and temperature studies reported for USiO,. For the
sake of completion of the set of orthosilicates, we report the
calculation based on our model for uranium silicate, and also
predict its high temperature and pressure phase.

Earlier we studied ZrSiO,4, both experimentally as well as
theoretically.>® The thermodynamic properties of the rest
three compounds are not very well known. The interatomic
potential model earlier developed’ for ZrSiO, is now ex-
tended to HfSiO,4, ThSiO,4, and USiO,. We have calculated
high pressure and temperature thermodynamic properties as
well as high pressure phase transformations of these com-
pounds. The paper is outlined as follows: lattice-dynamical
calculations are in Sec. II followed by result, and discussion
and conclusion are in Secs. III and IV, respectively.

II. LATTICE DYNAMICAL CALCULATIONS

The present lattice-dynamics calculations involve semi-
empirical interatomic potentials of the following form’ con-
sisting of Coulombic and short-ranged terms:
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where “r” is the separation between the atoms of type k and
k'. R(k) and Z(k) refer to radius and charge parameters of the
atom of type k, respectively. a=1822 eV and b=12.364.
This choice was successfully used earlier to study the lattice-
dynamics and thermodynamic properties of several complex
solids.!*?! This procedure is found to be useful in limiting
the total number of variable parameters. The bond-stretching
potential given by the third term is included between the
Si-O bonds. D and n are the empirical parameters’ of cova-
lent potential and ry=1.627 A is Si-O bond length. V(r) in
Eq. (1) represents only one pair of atoms. The total crystal
potential includes a sum over all pairs of atoms. The polar-
izability of the oxygen atoms has been included in the frame-
work of shell model.??
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The parameters of the empirical potential in Eq. (1) were
determined such that the zircon crystal structure obtained
from the minimization of free energy at 7=0 is close to that
determined using diffraction experiments. The potential also
satisfies the dynamical equilibrium conditions of the zircon
crystal; that is, the calculated phonon frequencies have real
values for all the wave vectors in the Brillouin zone. The
parameters of potentials are also fitted to reproduce various
other available experimental data, namely, elastic constants,
optical phonon frequencies, the range of phonon spectrum,
etc. The crystal structures at high pressures are calculated by
minimization of the free energy at 7=0 with respect to the
lattice parameters and the atomic positions. The vibrational
contribution was not included to derive the structure as a
function of pressure. We expect a small contribution from the
quantum-mechanical zero-point vibrations that we have ig-
nored. The equilibrium structures thus obtained are used in
lattice-dynamics calculations. The potential reproduces the
experimental data®>?> of lattice constants and fractional
atomic coordinates (Table I) of MSiO, quite satisfactorily.
The good agreement between the calculated and experimen-
tal structures as well as other dynamical properties (as dis-
cussed later) indicates that our interatomic potential model
for MSiO, is quite good.

We used the potential parameters’ for ZrSiO, as the start-
ing point for calculations of MSiO,4 and changed only the
radius parameters associated with the M(=Hf,Th,U) atoms.
The radius parameter in Eq. (1) is related to the ionic radius
of atom. The radius parameter for Hf atom is obtained by
scaling the radius parameter of Zr atom as determined for
ZrSiO, potential’ in the ratio of ionic radii of Hf and Zr
atoms in the octahedral coordination. It turns out from our
calculations that the nature of phase diagram varies system-
atically with the radius parameter of the M atom. The radius
parameter of the Th atom was fine tuned to reproduce the
zircon-huttonite phase boundary as known from experiments.
The value for the U atom was then scaled with its ionic
radius. The radii parameters used in our calculations are
R(Hf)=1.91 A, R(Th)=2.22 A, and R(U)=2.11 A. The
code?® “DISPR” developed at Trombay is used for the calcu-
lation of phonon-dispersion relation, the polarization vector
of the phonons, the frequency distribution of phonons, equa-
tion of state, specific heat, etc. The code DISPR uses the
lattice-dynamics methods described in Ref. 22 for ionic sol-
ids. The same code was previously used for similar calcula-
tions of several complex solids.'*?!

The phase diagram of a compound can be calculated by
comparing the Gibbs free energies in various phases. In
quasiharmonic approximation, Gibbs free energy of nth
phase is given by

G=9,+PV,-TS,, (2)

where ®,, V,, and S, refer to the internal energy, lattice
volume, and the vibrational entropy of the nth phase. The
vibrational contribution is included by calculating the pho-
non density of states in all the phases of MSiO, to derive the
free energy as a function of temperature at each pressure.
Then the Gibbs free energy has been calculated as a function
of pressure and temperature. The calculation for HfSiO, and
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TABLE 1. Comparison between the experimental (Refs. 23-25) (at 293 K) and calculated structural parameters (at 0 K) of zircon and
scheelite phases of HfSiO, and USiO,, and of zircon and huttonite phases of ThSiO,. For zircon structure (body-centered tetragonal,
I4,/amd) the M (Hf, Th, and U), Si and O atoms are located at (0, 0.75, 0.125), (0, 0.25, 0.375), and (0, u, v), respectively, and their
symmetry equivalent positions are 4a, 4b, and 16/, respectively. For huttonite structure (monoclinic, P2,/n) the M (Th), Si, and O atoms are
located at (u, v, w), and their symmetry equivalent positions. For scheelite structure (/4,/a) the M (Hf, U), Si, and O atoms are located at

(0,0,0.5), (0,0,0), and (u,v,w), respectively.

Expt.? HfSiO4 Calc. HfSiO,4 Calc. HfSiO4 Expt.b USiOy Calc. USiOy4 Calc. USiOy4
(zircon) (zircon) (scheelite) (zircon) (zircon) (scheelite)

a (A) 6.57 6.48 4.68 6.981 6.76 4.88
c (A) 5.96 6.06 10.68 6.250 6.21 11.35
u 0.0655 0.070 0.253 0.070 0.076 0.248
v 0.1948 0.207 0.146 0.222 0.212 0.128
w 0.070 0.069
Volume/atom (A3) 21.44 21.19 19.55 25.38 23.66 22.52
Volume/primitive cell (A%) 128.63 127.14 117.28 152.29 141.93 135.10

Expt.© ThSiO, Calc. ThSiO4 Expt.© ThSiO, Calc. ThSiO4

(zircon) (zircon) (huttonite) (huttonite)
a (A) 7.1328 6.92 6.784 6.67
b (A) 6.974 6.83
c (A) 6.3188 6.31 6.500 6.63
u 0.0732 0.079
v 0.2104 0.215
B 104.92 105.8
Volume/atom (A3) 26.79 25.16 24.76 24.21
Volume/primitive cell (A3) 160.74 150.95 297.16 290.46
Expt.€ (ThSiO,) Calc. (ThSiOy)
(huttonite) (huttonite)
u v w u v w

M 0.2828 0.1550 0.0988 0.282 0.156 0.089
Si 0.3020 0.1616 0.6117 0.303 0.157 0.608
Ol 0.3900 0.3388 0.4967 0.392 0.329 0.509
02 0.4803 0.1060 0.8234 0.473 0.098 0.806
03 0.1216 0.2122 0.7245 0.129 0.209 0.707
04 0.2451 0.4976 0.0626 0.240 0.502 0.065

4Reference 24.
PReference 25.
‘Reference 23.

USiOy are carried out in interval of 2 GPa while for ThSiO,4
the step size for calculation was 1 GPa.

III. RESULTS AND DISCUSSION

A. Raman and infrared modes, phonon-dispersion relation,
and phonon density of states

The calculated phonon frequencies at the zone center for
all the compounds in the zircon phase are compared in Fig.
2. The calculations are compared with the experimental Ra-
man data and the ab initio calculations. The average devia-
tion between the calculated and experimental frequencies is

within 4-5%. It is interesting to see variations in frequencies
of some of the modes in MSiO,. The changes might be due
to variation in mass of the M (Zr, Hf, U, and Th) ion; volume
changes are due to difference in the interatomic force con-
stants. The volume of ZrSiO, or HfSiO, is nearly same so
the effect due to volume change would be small. The effect
of the mass ratio of M ion (Hf/Zr=1.96) is clear for the
By,(1) mode in which the M (Hf, Zr) atoms move signifi-
cantly more than O atoms. The frequency of this mode de-
creases by about 40% in HfSiO, as expected from the change
in mass of Hf atom. The frequencies of modes should not
vary much from HfSiO, to ZrSiO, in which the M (Hf, Zr)
atoms are not involved, as well as for those in which the O
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FIG. 2. (Color online) The comparison between the calculated
(T=0 K) and experimental (Refs. 9-14) (T=300 K) zone-center
phonon frequencies for zircon phase of MSiO, (M =Zr,Hf, Th,U).
The ab initio calculations (Ref. 15) for ZrSiO4 and HfSiO, are also
shown. The A,,, A, By,, and B,, are optically inactive modes. The
frequencies are plotted in the order of ZrSiO,, HfSiO,4, ThSiO,4, and
USiO, from below.

atoms contribute significantly more than the M (Hf, Zr) at-
oms. In most of the cases this is observed. The frequencies of
the lowest A,, and E, modes seem to be effected by the
changes in mass, and as well as due to difference in the
interatomic force constants.

Further we have calculated phonon-dispersion relation for
MSiO,. In order to compare the phonon dispersion in various
phases of MSiO, we have chosen a common high-symmetry
direction A. The common A direction is labeled as the ¢ axis
for zircon (I4,/amd) and scheelite (14,/a) phases while it is
the b axis for the huttonite phase (P2,/n). The group theo-
retical decomposition of phonon branches along the A direc-
tion in the ambient as well as high pressure phases is as
follows: zircon phase: 6A;+2A,+6A;+2A,+10A5 (A5 be-
ing doubly degenerate), scheelite phase: 8A;+8A,+10A;
(A5 being doubly degenerate), and huttonite phase: 36A,
+36A,.

The calculated phonon-dispersion relation for HfSiO, and
ThSi0O, in their ambient pressure and high pressure phases
are shown in Fig. 3. The c axis in the scheelite phase is about
double in comparison of zircon phase, while the a axis is
smaller. The Brillouin zone in the scheelite phase is therefore
nearly half along the c axis and there is a folding back of the
dispersion branches from zone boundary (zircon phase) to
zone center (scheelite phase). The comparison of phonon-
dispersion relation in ThSiO, shows that there are several
low-energy optic phonon modes (Fig. 3) in the huttonite
phase of ThSiO,. These low-energy modes are responsible
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FIG. 3. Comparison of phonon-dispersion relations along the
high-symmetry direction A [001] in the ambient as well as high
pressure phases of MSiO, (M=Hf,Th) as calculated at P=0.

for unusual zircon to huttonite transition in ThSiO4. The
numbers of modes double in the Huttonite phase due to the
doubling of the primitive cell size.

We have calculated one phonon density of states and par-
tial density of states (Fig. 4) for all the silicates in the ambi-
ent pressure as well as high pressure phases. Our calculations
show that in the zircon phase M atoms contribute only in the
low-energy range up to 40 meV. The vibrations of oxygen
and silicon atoms span the entire 0—-135 meV range. Above
105 meV the contributions are mainly due to Si-O stretching
modes. The phonon spectra in the ambient pressure, i.e., the
zircon phase, extends up to 135 meV while in high pressure
phases the spectra softens to lower energies up to 130 meV.
The softening in the spectra is due to decrease in the contri-
butions from the Si and O. The phonon density of states in
the huttonite phases of ThSiO, and USiO, has a low-energy
peak at about 10 meV while there is no such peak in the
scheelite phase of HfSiO4. The low-energy peak is mainly
due to contributions from the M atoms. The partial density of
states has been used for the calculations of neutron weighted
phonon density (Fig. 5) of states via the relation
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M M
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i 0 (Zi i o i
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FIG. 4. (Color online) The calculated partial density of states of
various atoms and the total density of states of MSiO, (M
=Hf, Th,U) at P=0.
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FIG. 5. The calculated neutron-cross-section-weighted phonon
density of states in MSiO, (M =Hf,Th,U) in various phases at P
=0.
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g"(E)=B2 gu(E), (3)
k

where B is a normalization constant, and by, my, and g,(E)

are, respectively, the neutron-scattering length, mass, and

partial density of states of the kth atom in the unit cell. Typi-

. . 4mb} . . .
cal weighting factors o for the various atoms in the units
of barns/amu are: Hf: 0.057, Th: 0.058, U: 0.037, Si: 0.077,
and O: 0.265 barn/amu. The values of neutron-scattering
lengths for various atoms can be found from Ref. 27. Figure
5 shows the comparison of the calculated neutron-cross-
section-weighted phonon density of states in MSiO, (M
=Hf,Th,U) in various phases at P=0. At present phonon
density of states is not measured for these compounds. The
calculations (Fig. 5) would be useful in the future for com-
parison of our calculated phonon spectra with the experimen-
tal data.

B. Thermodynamic properties:

The density of states (Fig. 5) is used for the calculations
of specific heat (Fig. 6) in the zircon as well as high pressure

1601— 180
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o
]
g 80 80 7
(] P H p
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= 0 s wl d ThSIO, (Huttonite)
© ‘ g -+ USIO, (Scheslite)
0 0
o] 500 1000 1500 0 500 1000 150C
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FIG. 6. The calculated specific heat in the ambient as well as
high pressure phases of MSiO, (M=Hf,Th,U) at P=0.
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FIG. 7. The calculated Griineisen parameter as a function of
MSiO, (M =Hf,Th,U) at P=0.

phases of ZrSiO,, ThSiO,4, and USiO,. The huttonite phase
of ThSiO, has higher specific heat at low temperatures in
comparison of scheelite phases of HfSiO, and USiO,. This is
due to presence of low-energy optic phonons (Figs. 3 and 4)
in the huttonite phase of ThSiO, in comparison of the
scheelite HfSiO, and USiO,. Due to larger volume thermal
expansion in the high pressure phases in comparison of the
zircon phase (described below), the Cp—Cy=a¥BVT correc-
tions arising from anharmonicity of phonons are larger for
the high pressure phases (Fig. 7).

Thermal expansion is related to the anharmonicity of
lattice vibrations. In the quasiharmonic approximation,
each of the phonon modes contributes to the volume
thermal expansion® equal to ay=3; S, :Cyi(T). Here, T,
(==d1In E;/d1n V), and Cy; are the mode-Griineisen param-
eters and the specific-heat contributions, respectively, of the
phonons in the i" state. Griineisen parameters can be calcu-
lated from the volume dependence of phonon energies. The
procedure for calculation of thermal expansion is valid only
when the effect of explicit anharmonicity is not very signifi-
cant. Due to very large Debye temperatures (~975 K at
1000 K) the procedure seems to be suitable up to fairly high
temperatures. We have used energy dependence of Griineisen
parameter (Fig. 7) in the calculations of thermal expansion.
Low-energy phonon modes have large Griineisen parameter
in comparison with the high energy modes in the high pres-
sure phases of the silicates. The calculated partial density of
states shows (Fig. 4) that at low energies contributions are
mainly from the M (Hf, Th, U) atoms. The calculated
thermal-expansion behavior is shown in Fig. 8. The large
Griineisen parameter in high pressure phase in comparison
with the zircon phase results in larger thermal expansion in
high pressure phase.

The crystal structures at high pressures are obtained by
minimizing the Gibbs free energy with respect to the struc-
ture variables (lattice parameters and atomic positions) while
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FIG. 8. The calculated thermal-expansion behavior of MSiO,
(M=Hf,Th,U) at P=0.
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FIG. 9. The calculated equation of state of MSiO, (M
=Hf,Th,U) at T=0. X,(a,,c,,V,) and Xy(ag,cy, Vo) refer to the
values at pressure P and ambient pressure, respectively.

keeping the space group unchanged. The calculated equation
of state in the zircon as well as high pressure phases is shown
in Fig. 9. For HfSiOy, in the zircon phase the compressibility
along a axis is higher than that along the ¢ axis while in the
scheelite phase compressibility along a axis is smaller than
that along the ¢ axis. In the zircon phase of MSiO, com-
pounds, the structure unit can be considered as a chain of
alternating edge-sharing SiO, tetrahedra and M Og dodecahe-
dra extending parallel to the ¢ axis, with the chain joined
along the a axis by edge-sharing MOg dodecahedra. The
scheelite phase consists of SiO, tetrahedra aligned along the
a axis, whereas along ¢ axis MOg dodecahedra intersperse
between the SiO, tetrahedra. At high pressure, because of the
covalent nature, the Si-O bonds remain undistorted while the
volume of MOyg dodecahedra is reduced. This results in a
smaller compressibility along a axis in the scheelite phase in
comparison with the zircon phase. The scheelite phase is less
compressible in comparison with the zircon phase. The cal-
culated equation of state for various phases (Fig. 9) of
ThSiO, and USiO, show that these compounds are more
compressible in comparison of HfSi0,.

The computed elastic constants for the MSiO, are given
in Table II. The calculated bulk modulus value of ZrSiOy, is

PHYSICAL REVIEW B 79, 174301 (2009)

22% higher than the experimental®® value. However, the cal-
culated acoustic phonon branches for ZrSiO, are found to be
in good agreement with the calculations in our previous
paper.” Therefore the bulk modulus should also be well re-
produced. Perhaps the measurement of the bulk modulus of
7ZrSi0, from natural single crystals may have been
influenced®” by the presence of known radiation damage due
to radioactive impurities. This may be one of the reasons for
difference between the experimental and calculated values of
bulk modulus. The calculated bulk modulus values of the
zircon and scheelite phases of HfSiO, are 260 and 314 GPa,
respectively. These values are about 3.5% higher in compari-
son with the ZrSiO,. The calculated bulk moduli for ThSiO,
and USiOy in their zircon phase are nearly same. These val-
ues are about 80% of the bulk modulus values of HfSiO,.

C. Gibbs free energies and phase stability:

The zircon structure compounds are known to transform
to the scheelite phase (I4,/a) at about 20 GPa. However,
thorium silicate ThSiO, has a zircon structure (I4,/amd) at
low temperature,” whereas the high-temperature form of
ThSiO, has huttonite structure (P2;/n). Zircon to huttonite
transition is unusual*'® since a less dense phase usually oc-
curs at high temperature. High pressure studies have not
been reported for USiO4. We note that for ThSiO, there is a
greater density of low-frequency modes (Figs. 3 and 4) in the
huttonite phase in comparison of the zircon phase. This result
in larger vibrational entropy in the huttonite phase, which
favors this phase at high temperature.’! Figure 10 shows
typical plots of the differences in the free energies of com-
peting phases as a function of pressure or temperature.

It is found that the zircon phase transforms (Fig. 11) to the
scheelite and huttonite phases at high pressure for HfSiO,
and ThSiO,, respectively, which is in good agreement with
the experimental observations.!®!7 It is likely that the phase-
transition pressure of ThSiO, in experiments is overesti-
mated as these were performed with only increasing pressure
and some hysteresis is expected.'® Our calculated transition
pressure agrees with that estimated from an analysis of the
measured enthalpies.'® For ThSiO,, at further high pressure,
the scheelite phase is found (Fig. 11) to be stable. Experi-
mentally, however, transformation to an amorphous phase is

TABLE II. The elastic constants and bulk modulus in zircon and scheelite phases of ZrSiO, and HfSiOy, and zircon phase of ThSiO, and

USiO, (in GPa units).

Elastic Expt.? ZrSiOy Calc.® ZrSiO, Calc.® ZrSiO, Calc. HfSiO,4 Calc. HfSiO4 Calc. ThSiO4 Calc. USiOy4
constant (zircon) (zircon) (scheelite) (zircon) (scheelite) (zircon) (zircon)
Cy 424.4 432 470 441 477 334 370

Cs;3 489.6 532 288 537 282 453 483

Cyy 113.3 110 74 107 72 78 89

Ces 482 39 133 41 136 11 20

Ci, 69.2 73 241 77 247 38 48

Ci3 150.2 180 255 192 274 144 159

B 205% 251 303 260 314 197 217

4Ref. 28 for elastic constants and Ref. 29 for bulk modulus for zircon.

bReference 7.
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LATTICE DYNAMICS AND HIGH PRESSURE PHASE...
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FIG. 10. Typical plots of the differences in the free energies of
competing phases in MSiO, as a function of pressure or
temperature.

found (coexisting with the huttonite phase) instead of the
scheelite phase, which might be due to kinetic hindrance.
The free-energy calculations in the zircon, scheelite, and hut-
tonite phases of USiO, suggest that scheelite is the stable
phase of USiO, at high pressures. The free-energy changes
due to volume are important in zircon to scheelite phase
transition in HfSi0,4 and USiO, while vibrational energy and
entropy play an important role in zircon to huttonite phase
transition in ThSiO,. It is very important and satisfying to
note that the free-energy calculation with the present model
is able to distinguish between the phases, and reproduce their
relative stability over a range of pressure and temperature.
This is probably the most stringent test of the interatomic
potentials.

As noted above, the greater density of low-energy modes
in the huttonite phase is the key to the zircon to huttonite
phase transition at high temperature. In order to understand
the nature of low-energy phonon modes in various phases of

1500 1500

HfSIO, usio,
,\1000 Zircon Phase . 1000
< . < Zircon Phase
[ Scheelite |
500 phase 500
. Scheelite
Phase
0 0
0 5 10 15 20 25 0 2 4 6 10
P (GPa) P (GPa)
1500 . — Calc,, Zircon-Huttonite phase boundary
b ThSiO, A R Calc., Huttonite-Scheelite phase boundary

x. 4
;\;;. Huttonite Phase O Zircon phase
1000{e} o, ® Huttonite Phase
\\> k O Zircon and Huttonite
®  Huttonite and Amorphous

----- Expt., Zircon-Huttonite phase boundary

TK

500 <y
Scheelite

(Seydoux and Montel)
prase | " Expt., _ercon-Huﬁonlte phase boundary
(Mazeina et al.)
0 Z 5 10- ~~~~~ - Expt., Zircon-Huttonite phase boundary
P (GPa) (Dachille and Roy)

FIG. 11. (Color online) The calculated phase diagram of
HfSi0,4, ThSiO4, and USiO4 as obtained from the free-energy cal-
culations. For ThSiO4, symbols are the experimental data taken
from Dachille and Roy (Ref. 16). The experimental data for HfSiO,4
are from Ref. 17.
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FIG. 12. (Color online) The calculated contribution to the mean
squared amplitude of various atoms arising from phonons of energy
E (integrated over the Brillouin zone) at 7=300 K in various
phases of ThSiO,4. The atoms are labeled as indicated in Table 1.

ThSiO,, we have calculated mean squared amplitude ({u>))
of various atoms at 7=300 K (Fig. 12) arising from phonons
of energy FE integrated over the Brillouin zone. The modes up
to 4 meV involve equal amplitudes of various atoms, and so
are largely acoustic in nature. For 5-20 meV in the zircon
and scheelite phases, the calculated (u?) values of Si and O
atoms are nearly the same which indicates that these modes
involve translation of SiO, tetrahedra as a whole. On the
other hand, in the huttonite phase, significantly larger ampli-
tude of the O atoms in comparison of the Si atoms indicates
the libration of SiO, tetrahedral units in addition to the trans-
lational motion. Further, the various oxygen atoms constitut-
ing the SiO, tetrahedra in huttonite phase have significantly
different values of their vibrational amplitudes, which indi-
cate distortions of the SiO, tetrahedra. In summary, it ap-
pears that the huttonite phase has a greater density of the
librational modes of the silicate tetrahedra at low energies,
and that seems to be the key to the zircon to huttonite phase
transition. In the zircon and the scheelite phases, the libra-
tional modes occur at much higher energies around 30 meV.

IV. CONCLUSIONS

We have developed a lattice-dynamical shell model for
various zircon structured compounds MSiOy,, and validated it
by previous extensive measurements of the phonon density
of states and phonon-dispersion relation, and other data
available in the literature. Further, we employed this model
for calculation of various high pressure and temperature ther-
modynamic properties of MSiO, in their zircon, scheelite,
and huttonite phases. The lattice-dynamical models are fur-
ther used to calculate the free energies as a function of pres-
sure and temperature in the zircon as well as the high pres-
sure scheelite and huttonite phases. The calculated free
energies reproduce the relative stability of the phases across
their observed phase-transition pressure and temperature.
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